By means of the Cayley Trick the problem of enumerating all regular ne mixed subdivisions is reduced to enumerating all regular triangulations. The set of all regular triangulations is well-understood thanks to the bijection with the vertices of the secondary polytope. However, since we are only interested in the con gurations of mixed cells in a mixed subdivision, we want to avoid dealing with other cells. We propose an operator derived from the bistellar ip for regular triangulations to modify a mixed-cell con guration.
Introduction
Mixed subdivisions were introduced by Sturmfels in 10] and used in 11] to extend Viro's theorem 14] for constructing algebraic curves with prescribed topology to complete intersections. As proposed in 5], by enumeration of all alternating mixed cells, the number of real roots of an asymptotic polynomial system can be bounded. Although the conjectured combinatorial upper bound was proved true in 6] for a non-asymptotic challenge problem, a counter example was given in 8]. Still, mixed-cell con gurations are of vital importance in the resolution of sparse polynomial systems, see e.g. 12] and 13]. The algorithm we propose allows an explicit classi cation of all mixed-cell con gurations for a given tuple of point congurations. Hereby we have developed a tool to investigate properties such as the maximal (minimal) number of mixed cells, the number of mixed-cell con gurations, and symmetry relations.
The enumeration of all regular triangulations is well-understood thanks to the bijection with the vertices of the secondary polytope (see 4, Chapter 7] and 15, Lecture 9] ). The edges of the secondary polytope correspond with small local changes of the triangulations called bistellar ips. As described in 2] and 9], all regular triangulations can be enumerated by application of bistellar ips. Regular mixed subdivisions can be constructed from regular triangulations by means of the Cayley Trick 4, Proposition 1.7, page 274]. Since we are only interested in the mixed cells of regular mixed subdivisions, we only want to perform bistellar ips which actually change the mixed cells within a mixed subdivision. Our method re nes the bistellar ip so that we can restrict ourselves to regular mixed-cell con gurations.
The paper is structured as follows. In sections 2 and 3 we recapitulate the de nitions of regular triangulations, ne mixed subdivisions, mixed-cell con gurations, and we present the basic ideas of the enumeration algorithms. We describe in section 4 how bistellar ips operate on mixed cells. How these bistellar ips modify mixed-cell con gurations is discussed in section 5. This leads to a method for enumerating all regular mixed-cell con gurations without traversing all regular mixed subdivisions, as discussed in section 6.
Regular Triangulations and Bistellar Flips
A point con guration A = fa (1) ; a (2) ; : : :; a T + = fZ n fzg j z > 0g and T ? = fZ n fzg j z < 0g. Moreover, they are regular. 
Let Z be a supported circuit on T . Then ip Z (T ) is a triangulation, but not necessary a regular triangulation. We say that Z involves I, a cell of T if I 6 2 ip Z (T ). Then ip Z annihilates I and yields those cells in ip Z (T ) that are not in T . We denote the inverse of the Cayley embedding by ?1 . There is a one-to-one correspondence between the regular mixed subdivisions of A and the regular triangulations of (A). This is expressed in the following proposition: The triangulation of (A) corresponding with a mixed subdivision S is denoted by (S). In Figure 1 we show an example. As suggested in 5], all regular ne mixed subdivisions of A can be enumerated by applying the algorithms developed in 2] to (A).
Since the Cayley Trick establishes a bijection, the notion of a bistellar ip can be formulated for mixed subdivisions. A d-tuple Z is a mixed circuit if (Z) is a circuit. Z is 1 Tien-Yien Li pointed out that this property was missing in current de nitions of mixed subdivisions.
Consider for example for the unit square A1 = f0; e (1) ; e (2) ; e (1) + e (2) g and the edge A2 = f0; e (1) g the subdivision f(A1; f0g); (A1; e (1) )g. 
) = S (2) if ip (Z ) ( (S (1) )) = (S (2) ). Bistellar ips on mixed subdivisions can be used to explore the connected graph of all mixed subdivisions of a tuple of point con gurations. This is demonstrated in Figure 2 .
A cell of a ne mixed subdivision is called mixed if it can be written as the Minkowski sum of edges. To us, two mixed subdivisions are equivalent if they share the same mixed cells. The equivalence classes are called mixed-cell con gurations. We denote a mixed-cell con guration as a set of mixed cells M = fC (1) ; C (2) ; : : :; C (1) and S (2) are mixed subdivisions of A, sharing the same mixed cells and Z is a mixed circuit supported on both, then ip Z (S (1) ) and ip Z (S (2) ) have the same mixed cells. We postpone the proof until Section 5.
A mixed circuit Z is supported on a mixed-cell con guration if there is a corresponding mixed subdivision on which Z is supported. Now we de ne ip Z (M (1) ) = M (2) if there exist mixed subdivisions S (1) and S (2) where M (1) S (1) , M (2) S (2) and ip Z (S (1) ) = S (2) . All mixed-cell con gurations can be enumerated by exploring their connected graph by means of bistellar ips. As with triangulations, bistellar ips need to be followed by a check on the regularity.
Bistellar Flips and Mixed Cells
In this section we investigate which bistellar ips are of interest. In fact we will characterize the mixed circuits on which these bistellar ips are based. = (fa; bg; fe; f;gg); and Z (3) = (fb; cg; fe; gg): (9) Only Z (2) and Z (3) involve a mixed cell and thus they satisfy Theorem 4.1. ? a (k) ) = 0 (11) where Z k = fb (k) ; c (k) g.
Since the edges of a mixed cell are linearly independent vectors, they can serve as a basis to denote the other points. All candidate circuits can be computed by writing every point in the bases spanned by the edges of every cell. Not all circuits generated in this way are supported. Nor will all the supported mixed circuits lead to a regular mixed cell con guration.
The cost of enumerating all candidate mixed circuits is given by the next proposition. In this section we describe how bistellar ips operate on mixed-cell con gurations. In particular, we will prove Theorem 3.3, which establishes the extension of the de nition of bistellar ips to mixed-cell con gurations.
Recall the following notations. Given a mixed circuit Z supported on a mixed subdivision S (1) and S (2) = ip Z (S (1) ). Let M (1) and M (2) respectively be the mixed cells of S (1) and S (2) . We denote T (1) = (S (1) ), T (2) = (S (2) ) and Z = (Z) with T + and T ? the two regular triangulations of Z. By de nition we know that Z is supported on T (1) , with F 1 ; F 2 ; : : :; F s as in De nition 2.1.
Lemma 5.1 Let Z be a circuit. Consider I 2 (M (1) ). Either I 2 (M (2) ) or I = I + F i with I + 2 T + . In the latter case, 9I ? 2 T ? : I ? F i 2 (M (2) ).
Proof. If I 2 (M (2) ), then Z does not involve I. Otherwise, by de nition of a bistellar ip I can be written as I = I + F i with I + = Z n f(a; e (k) )g 2 T + and a 2 Z k : (13) Since Z is a circuit, there is a a ne relation between its points, where a is chosen to be positive. Because the unit vectors are a nely independent we have:
Since 
).
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In case of an odd mixed circuit, Z n fcg belongs to T + or T ? , depending on sign of the a ne coe cient c of the third point c of Z k . In the rst case, the bistellar ip annihilates two mixed cells and yields one mixed cell, whereas in the second case, it annihilates one mixed cell and yields two mixed cells, as illustrated in Figure 3 .
In the case of an even mixed circuit, for every mixed cell that is annihilated by the ip, exactly one mixed cell is yielded, as illustrated in Figure 4 . Lemma 5.1 implies that the F i 's necessary to compute M (2) can be deduced from M (1) . 2 The deduction of the necessary F i 's can be done by iterating over all mixed cells and comparing them one-by-one with the circuit. The bistellar ip can be performed during this iteration. The whole operation can be done using O(d #M (1) ) arithmetical operations. When not all mixed cells are present to perform the operation for an odd mixed circuits for which mixed cells collapse, the algorithm reports failure. Otherwise, there is still no guarantee that the resulting set of mixed cells is mixed-cell con guration or a regular mixed-cell con guration. Since the operation does not change the total mixed volume of the cells, a regularity check determines whether the mixed cells constitute a regular mixed-cell con guration. 6 Enumerating Regular Mixed-Cell Con gurations. The factor m s in Proposition 6.2 bounds the number of bistellar ips which can be performed starting at one mixed-cell con guration. This bound is a strong overestimation because not all circuits correspond to valid bistellar ips and not all mixed-cell con gurations are regular. To deal with the space complexity, reverse search can be applied on Algorithm 6.1, in a similar way as the enumeration of all regular triangulations as described in 9]. 
